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Neutrino Oscillations

1.3. NEUTRINO OSCILLATION 8

Then, we can also define the mass eigenstates νiL and νciR (i = 1, 2, 3) as

�
ναL
νcαR

�
= U

�
νiL
νciR

�
. (1.13)

Here, U is a 6× 6 unitary matrix which satisfies

U †
�

0 mT

m mR†

�
U = Mdiag, (1.14)

where Mdiag is a diagonal matrix which contains mass eigenvalues. Hence, νL and νcR can also mix
if neutrino has the Majorana mass term constructed by right-handed field, in addition to the Dirac
mass term.

To estimate the size of mixing, we consider a case that there is only one generation for both
νL and νcR. If we assume the Majorana mass mR to be much larger than the Dirac mass m, U is
approximately written as

U �
�

1 ρ
−ρ 1

��
i 0
0 1

�
, (1.15)

where ρ = m/mR � 1. Using this U in Eq. (1.15), the diagonalized mass matrix (Mdiag) become

Mdiag �
�

m2/mR 0
0 mR

�
. (1.16)

Hence, if mR � m, the mixing between νL and νcR become negligible. Also if we set the Dirac
mass m to be the order of a typical quark or charged lepton mass, the mass of νL1 ,

m1 � m2/mR, (1.17)

can be very small. Thus, if we identify νL1 as one of the light neutrinos, we have an elegant expla-
nation of why their masses are so small compared to other elementary particles. This explanation,
in which physical neutrino masses are small because the right-handed Majorana mass mR is large,
is known as the see-saw mechanism, and Eq. (1.17) is referred to as the see-saw relation [8–11].

However, if mR is small enough, the mixing between ναL and νcβR, as well as ναL and νβL,
become possible [6]. The νcR is gauge singlet and don’t make interactions with detectors, and hence
is called “sterile neutrino”. Since the sterile neutrinos don’t make weak interactions, this can be
“observed” only through the “neutrino oscillation”.

1.3 Neutrino oscillation

If there is a mixing between the weak and mass eigenstates, neutrinos can change their flavor
(or, weak eigenstates) as time evolves, which called “neutrino oscillation”. In this section, we
describe the phenomenology of the neutrino oscillation and summary of the previous oscillation
measurements.

To discuss the phenomenology of the neutrino oscillation, we generally define three active flavor
eigenstates as (νe, νµ, ντ ) = (νeL, νµL, ντL) and a sterile flavor as |νs� = |νceR�+ |νcµR�+ |νcτR�. The
mass eigenstates are also defined as (ν1, ν2, · · · , ν6) = (ν1L, ν2L, ν3L, νc1R, ν

c
2R, ν

c
3R).

Then, a flavor eigenstate of neutrino, |να� (α = e, µ, τ, s), can be expressed as a superposition
of mass eigenstates, |νi� (i = 1, 2, 3, · · · );

|να� =
�

i

Uαi |νi� , (1.18)Weak eigenstate Mass eigenstate

MNS mixing matrix

(α = e, μ, τ) (i = 1, 2, 3)
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where Uαi is an element of the MNS mixing matrix U . Generated as να, the state of neutrino at
time t is expressed as

|ν(t)� =
�

i

Uαie
−iEit |νi� , (1.19)

where Ei is the energy of νi in the laboratory frame. In practice, neutrino is extremely relativistic
due to the tinniness of the mass, and thus we can make following approximations:

t ∼ L, (1.20)

Ei =
�
p2i +m2

i ∼ pi +
m2

i

2pi
, (1.21)

where L is the distance traveled and pi is the momentum of νi. Since να is produced with a definite
momentum p, all of να’s mass eigenstates have a common momentum. Thus, the probability
P (να → νβ) that νβ is observed after να travels the distance the distance L is given by

P (να → νβ) = | �νβ |ν(t)� |2 =

�����
�

i

UαiU
∗
βie

−ipLe−i
m2

i L

2p

�����

2

(1.22)

= δαβ − 4
�

i>j

Re(UαiU
∗
βiU

∗
αjUβj) sin

2

�
1.27∆m2

ij
L

E

�

+2
�

i>j

Im(UαiU
∗
βiU

∗
αjUβj) sin

2

�
2.54∆m2

ij
L

E

�

where ∆m2
ij ≡ m2

i −m2
j is the mass squared difference between νi and νj in eV2, L is in km, and

E is in GeV. The sign of the last term in Eq. 1.22 is + instead of − in the case of the expression
for anti-neutrino. Therefore, the neutrino oscillation occurs only when ∆m2 �= 0. As described in
the following part, this phenomena is observed and confirmed by multiple experiments. This is the
evidence that the neutrinos have finite masses.

1.3.1 Oscillation with three active flavors

In the case of oscillation between three active neutrino flavors, the MNS matrix is expressed using
four independent parameters:three mixing angles, θ12, θ23, θ13, and one complex phase δ;

U =




1 0 0
0 c23 s23
0 −s23 c23








c13 0 s13e−iδ

0 1 0
−s13eiδ 0 c13








c12 s12 0
−s12 c12 0
0 0 1



 (1.23)

=




c12s13 s12c13 s13e−iδ

−s12c23 − c12s13s23eiδ c12c23 − s12s13s23eiδ c13s23
s12s23 − c12s13c23eiδ c12s23 − s12s13c23eiδ c13c23



 , (1.24)

where cij = cos θij and sij = sin θij . In case of δ �= 0, the MNS matrix includes the imaginary
parts, which means the CP violation in the lepton sector. Hence, the δ is called the CP phase.

Because of the condition ∆m2
12+∆m2

23+∆m2
31 = 0 to be imposed, the number of independent

parameters for neutrino oscillations is six in the case of three lepton generations: three mixing
angles, (θ12, θ23, θ31), one CP phase, δ, and any two out of three mass squared difference, ∆m2’s.

There are many neutrino oscillation measurements such as atmospheric neutrino observations,
solar neutrino observations, reactor neutrino experiments and accelerator neutrino experiments.
Figure 1.1 shows allowed or excluded regions from various experiments. In summary, there are two
allowed regions observed and confirmed by multiple experiments:

!"#$%&'()*#+#,-./'0(1#23(4567()89#:;9#:; !

! ν -7%(..1)(-37#<(67)#=-7)/.1)5>#08#?-3)5%-64-#(3#@ABC9#0175>#-3#131.-D8#)-#E1-37"

! :-3F*56-#'177#'5137#'177#5(D537)1)57#G#<.14-6#5(D537)1)57H

Neutrino Oscillations

"#$

#%
&'" !"#"($%& #$& "($%&

)#$& "($%& !"# "($%&&"
#$
# %
&

'"#
$
*#

%
&'#$&("((

$%
&#$&( ")*(++,$%

( -

. &
>5)56'(357#1'=.()/>5#<-6#
-7%(..1)(-3#I#=6-010(.()8

>5)56'(357#7&1=5#-<#
-7%(..1)(-3#=6-010(.()8#
17#</3%)(-3#-<#J#K-6#LM

?KναM

?KνβM

"#$%&#'#()*+,-(*.'*)#/(+0*1*2(30/#2.*.-+#&&,0#.2-

+,$%

(,,$

(),%

(

disappearance of να

appearance of νβ

Neutrinos can change their flavors if neutrinos have finite 
masses and if the weak and mass eigenstates are mixed
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The probability for να → νβ oscillation is given as

P(να → νβ) = sin2 2θ sin2
�

(Ei − Ej)t
2

�
. (1.18)

Making an approximation of Ei ∼ p +m2
i /2p and including the factors of � and c,

the probability is formulated as

P(να → νβ) = sin2 2θ sin2
�

1.27∆m2[eV2]L[km]
E[GeV]

�
, (1.19)

where ∆m2 ≡ m2
j −m2

i is the mass-squared difference and L is the flight length of
neutrino.

If the neutrino mass states mix together and their eigenvalues are different,
that is θ � 0 and ∆m2 � 0, neutrinos can change their flavor during travel. Thus,
the observation of neutrino oscillation gives an evidence for the finite neutrino
mass. The oscillation amplitude is characterized by the mixing angle θ and the
mass-squared difference ∆m2, and expressed as a function of L/E. The oscillation
effect is enhanced to the maximum when the following condition is satisfied:

L [km]
E [GeV]

=
π

2.53 · ∆m2 [eV2]
. (1.20)

1.2 Search for neutrino oscillation

Currently, there is no theoretical prediction on neutrino masses, and many exper-
iments have been performed to probe the masses of neutrinos. Up to now, the
evidence for neutrino oscillations has been discovered by various experiments.
The neutrino oscillation experiments measure the sizes of the squared-mass differ-
ences and the mixing angles; these are called ”oscillation parameters”. Figure 1.2
shows the regions of neutrino oscillation parameter space allowed or excluded
by various experiments. In this chapter, we introduce neutrino oscillation exper-
iments and summarize our current knowledge of the oscillation phenomena.

5

π+
μ+

νeνμ

e-

X

Two neutrino case:

θ               : mixing angle
Δm2      : mass squared difference
L [km]    : the distance traveled
E (GeV)  : the energy of neutrino
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Short Baseline (L/E~1) Anomalies
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Short Baseline (L/E~1) Anomalies

Red: Oscillations assuming 3 neutrino mixing
Blue: Using a 3+1 (sterile neutrino) model
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MiniBooNE Appearance
arXiv:1207.4809

Short Baseline (L/E~1) Anomalies

Red: Oscillations assuming 3 neutrino mixing
Blue: Using a 3+1 (sterile neutrino) model
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P (νµ → νx) = 1 − 4|Uµ4|2(1 − |Uµ4|2) sin2

�
1.27∆m2

41

L

E

�

P (νe → νx) = 1 − 4|Ue4|2(1 − |Ue4|2) sin2

�
1.27∆m2

41

L

E

�

P (νµ → νe) = 4|Ue4|2|Uµ4|2 sin2

�
1.27∆m2

41

L

E

�

9

Sterile Neutrinos and Oscillations
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Sterile Neutrinos and Oscillations
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Existing Limits

11

neutrino

antineutrino

Phys. Rev. D85, 032007 (2012)

Phys. Rev. Lett 103 061802 (2009)

neutrino

(assuming CPT conservation, and no 
effective CPT violation, nu and antinu 
disappearance should be the same)

Friday, August 31, 2012



Beamline Overview
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Fermilab visual media 
services

SciBooNE
8GeV Booster

Target/Horn

MiniBooNE

50 m

100 m 440 m

MiniBooNE

Detector

Decay region

SciBooNE

DetectorTarget/Horn

25m 
absorber
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MiniBooNE was designed to test the LSND signal  
!

Neutrino mode: search for  -> e appearance with 6.5E20 POT  assumes CP/CPT conservation 
Antineutrino mode: search for  -> e appearance with 8.58E20 POT  direct test of LSND 

 Two neutrino fits 

FNAL 

FNAL has done a great job delivering beam! 

818 ton mineral oil 
1280 PMTs inner region 
240 PMTs veto region 

4 

flux at MB, in antinu-mode

• 800t mineral oil Cherenkov 
detector (520t fiducial)
• 1280 PMTs in inner region
• 240 PMTs in outer, optically 
isolated veto region

Friday, August 31, 2012
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Particle ID in MiniBooNE
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Interactions in MiniBooNE 
(neutrino mode): 

(similar mix for antineutrino mode, 
except rate down by factor of 5) 

89)• Ring imaging for event 
reconstruction and particle ID

• Particle decays used for event ID: 
separate clusters of PMT hits in time 
(subevents)

• Veto region ensures containment, 
reduces cosmic background to 
negligible level
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SciBooNE Detector
Muon Range Detector

(MRD)

Electron Catcher (EC)

SciBar

• 12  2”-thick steel
  + scintillator planes
• 48 tons
• measure muon
  momentum with range
  up to 1.2 GeV/c

• spaghetti calorimeter

• 2 planes (11 X0)

• identify π0 and νe

• scintillator tracking
  detector
• 14,336 scintillator
  bars (15 tons)
• Neutrino target
• detect all charged
  particles
• p/π separation
  using dE/dx

2m

4m
Used in K2K experiment

Used in 
CHORUS, 
HARP and 

K2K

Parts recycled from past 
experiments

ν 

• Precise measurement of neutrino cross 
sections for future oscillation experiments
• MiniBooNE near detector

Friday, August 31, 2012
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• Reject escaping muons

• Samples used:

‣ SciBar-stopped

‣ MRD-stopped

• SciBooNE sample is ‘’CC-inclusive’’ 

• Both detectors (MB and SB) rely 
on the muon for event 
reconstruction and energy 
estimation:

‣ Pμ: muon momentum 
reconstructed by its path-length

‣ θμ: muon angle w.r.t. beam axis

SciBar EC MRD

-50 0 50 100 150 200 250 300

-150

-100

-50

0

50

100

150

νμ

μ-

p

CC event 
candidate

SciBar
stopped

MRD stopped

MRD penetrated

μ-

μ-

μ-

Particle ID in SciBooNE

Friday, August 31, 2012
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MiniBooNE
• Data taking: 2002-2012
• Total POT: 19.8x1020

• Neutrino mode: 6.5x1020 POT
• Antineutrino mode: 11.3x1020 POT

SciBooNE
• Data taking: Jun 2007-Aug 2008
• Total POT: 2.53x1020

• Neutrino mode: 0.99x1020 POT
• Antineutrino mode: 1.53x1020 POT

Data Periods

P
ro

to
n

s
 o

n
 t

a
rg

e
t 

(x
1
E

2
0
)

0

1

2

Delivered
For analysis

Date

Jun Jul Oct Nov Dec Jan Feb Mar Apr May Jun Jul Aug
'07 '08

ν
νν

MiniBooNE
SciBooNE

(used 10.1x1020 POT)
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MiniBooNE vs SciBooNE

• different geometries (angular acceptance)

• different material (different C-H ratio)

• different event selection, different event content in 
final samples

• different methods for rejection of cosmic ray 
muons

• flux and cross section uncertainties do not fully 
cancel 

• different detector-specific systematics

18
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Antineutrino Mode vs 
Neutrino Mode

• Have to deal with large 
neutrino contamination 
(21% of events in MB, 23% 
in SB)

• Charged current 
interactions on hydrogen 
as well as carbon

• Different constraints for 
neutrino vs antineutrino 
events

19

neutrino

Phys. Rev. D85, 032007 (2012)
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Fit Method

Test Statistic:   2 =  2 X(phys ),M (phys )( )  2 X(BF ),M (BF )( )

 2 = Di  Xi( ) M 1( )ij Dj  Xj( )
i, j=1

n

  

Di = data; 21-bin reconstructed energy distributions from MiniBooNE and SciBooNE

Xi = Monte Carlo predictions for MiniBooNE and SciBooNE = Xi
RS m2 ,sin2 2( ) + Xi

WS

M = covariance matrix for uncertainties in total event rate (RS+WS)
21 bins in E

QE  from 300 MeV to 1.9 GeV, for SB and MB  (n = 42)

20

RS: antineutrinos
WS: neutrinos

• Simultaneous fit to MiniBooNE and SciBooNE Reconstructed Energy 
Distributions

• Only antineutrino events are oscillated in the fits (includes CCQE, 
CC1pi, etc.); neutrino events are constrained

• Model is simple, 2-neutrino oscillation model:

Friday, August 31, 2012



Error Matrices

21

fractional
error matrix:

• Correlations between MB and SB uncertainties (flux and cross 
section) are computed in same framework

• Fractional error matrices that describe the uncertainties and 
correlations are collapsed and a new total covariance matrix is 
computed for each prediction as the parameter space is scanned

M̂ =

M̂i, j;(RS ,RS )
MB M̂i, j;(RS ,WS )

MB M̂i, j;(RS ,RS )
MB,SB M̂i, j;(RS ,WS )

MB,SB

M̂i, j;(WS ,RS )
MB M̂i, j;(WS ,WS )

MB M̂i, j;(WS ,RS )
MB,SB M̂i, j;(WS ,WS )

MB,SB

M̂i, j;(RS ,RS )
SB,MB M̂i, j;(RS ,WS )

SB,MB M̂i, j;(RS ,RS )
SB M̂i, j;(RS ,WS )

SB

M̂i, j;(WS ,RS )
SB,MB M̂i, j;(WS ,WS )

SB,MB M̂i, j;(WS ,RS )
SB M̂i, j;(WS ,WS )

SB























X = {XRS
MB m2 ,sin2 2( ),XWS

MB ,XRS
SB m2 ,sin2 2( ),XWS

SB}   
                 

M = XM̂XT = M MB M MB,SB

M SB,MB M SB









 +

Mstat
MB 0

0 Mstat
SB
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Oscillation of Simulated Events

MiniBooNE

SciBooNE Estimated energy for all events (data 
and MC) is computed assuming 

kinematics for muon antineutrino 
CCQE interaction on Carbon

fit params
MC truth

observables
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Smearing of Estimated Energy for 
non-CCQE events
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Oscillation of Simulated Events

MiniBooNE SciBooNE

All events reconstructed as if they are muon 
antineutrino CCQE interaction on Carbon

MiniBooNE

SciBooNE

red:

green:

blue:

ratio: oscillated MC/unoscillated MC ratio: oscillated MC/unoscillated MC
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•  These internal measurements assumed 
no     disappearance; consistent with joint         
    disappearance analysis

New Data Constraints

25

• CC1pi data constraint, as function of Q2

• New effective axial mass and Pauli-blocking 
factor for CCQE events on carbon

• Normalization constraint for neutrino 
contamination in antineutrino beam

• Improved constraint on K+ production 
(not significant in this analysis)

Constraints applied to 
MiniBooNE and SciBooNE 

Monte Carlo

Friday, August 31, 2012



CC1pi Constraint

26   (GeV)QEE
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Phys. Rev. D81, 092005 (2010)

• CC1pi contamination in CCQE sample: 
when electron from end of pion decay chain 
is missed (i.e. due to muon-capture or pion 
absorption)

‣ Has similar kinematics to full CC1pi 
sample

• For neutrino-mode CCQE xsec analysis, 
the CC1pi background in the CCQE sample 
was reweighted (as function of Q2) based on 
a data/MC comparison in CC1pi sample

• This resulted in updated effective axial mass 
and Pauli blocking factor in nu-mode CCQE 
cross section measurement (next slide)

We apply this constraint to 
CC1pi events from neutrinos 

and antineutrinos

MiniBooNE

MiniBooNE
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Nu-mode CCQE Cross Section AnalysisNu-mode CCQE Cross Section Analysis

27

Antinu CCQE cross section 
measurement results coming soon!

Phys. Rev. D81, 092005 (2010)

• Tension between CC exclusive measurements and theory: quasielastic, π+, π0

• Nuclear interactions may be the key; short-range correlations and 2-body 
pion-exchange currents
• Joe Carlson et al., Phys. Rev. C65, 024002 (2002); Martini et al., Phys. Rev. C80, 
065001 (2009); and several others...

Includes only statistical 
uncertainty on the 

measurement

Friday, August 31, 2012
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First measurement of neutrino contribution to anti-neutrino beam with 
non-magnetized detector: arxiv: 1102.1964 [hep-ex], submitted to Phys. Rev. D 

 
 

! (arXiv: 1107.5327) 

WS flux in antineutrino-mode rescaled by 
factor of 0.78, with 12.8% uncertainty

Direct Measurement of  Neutrino Contamination
Phys. Rev. D84, 072005 (2011)

MiniBooNE
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New for this analysis:
• π+ production 12.8% normalization uncertainty
• new K+ error matrix (from SciBooNE measurement; 
Phys. Rev. D84, 012009 (2011))
Same as prior analyses:
• π- production: errors from spline interpolations
• K0 production: Sanford-Wang error matrix
• K- production: 100% normalization uncertainty
• target, horn: skin effect, horn current, cross sections, 
etc.

Systematic Uncertainties: Beam and Flux

29

33 CHAPTER 3. MONTE CARLO SIMULATION
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Figure 3.3: Double differential π+ production cross section (d2σ/(dpπdΩπ)) from 8.9 GeV/c p-Be
interaction. The red points show the HARP data, and the blue curve shows the best fit to the data
with the Sanford-Wang function, which used to produce the MC central value. The black points
show the profile of the spline curves produced by the HARP data points and their errors.

-- Cross section used 
   for MC production
-- HARP data
-- Spline interpolation 
   of HARP data

pπ (GeV) pπ (GeV)

Friday, August 31, 2012



Systematic Uncertainties: Cross Section
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Martini et al.

Nieves et al.

Amaro et al.

Bodek et al.

C12 + µ, µ J. Grange

New for this analysis:
• MA(CCQE,Carbon)=1.35±0.07 GeV
‣ κ=1.007±0.005

• MA(CCQE,Hydrogen)=1.014±0.014 
GeV (J. Phys. Conf. Ser. 110, 082004 (2008))

• Additional 40% normalization error 
allowed for anti-nu CCQE on carbon

Same as prior analyses:
• MA(CC Resonant 1π)=1.1±0.275 GeV *
• MA(CC Coherent 1π)=1.03±0.275 GeV *
• MA(multi-π)=1.3±0.52 GeV
• Additional 10% uncertainty on all CCQE 
interactions on carbon (covers residual 
discrepancy between data/MC in nu-mode 
measurement)
• Additional 10% uncertainty on all 
antineutrino interactions on carbon to 
account for possible differences in nuclear 
effects between nu and anti-nu scattering 
not accounted for in the Relativistic Fermi 
Gas model

• *  For neutrino resonant and coherent 
1π events, the flux and xsec uncertainty  
are both constrained by the 12.8% 
normalization uncertainty
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Systematic Uncertainties: Detectors

• Same as previous MiniBooNE and 
SciBooNE analyses:

‣ Electronics

‣ Optical Model

‣ Target Density

‣ etc.

• These uncertainties don’t cancel; as a result 
they remain a systematic limitation

31
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Total Uncertainty
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Neutrino Energy
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Cross Section

Detector

SciBooNE          MiniBooNE

Flux + Beam
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Data to MC Comparison
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Data to MC Ratios
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• Shaded regions are variations from 
fake data tests with no oscillations

• Dashed lines are “best fit MC” 
divided by “unoscillated MC”

• Double ratio plot gives sense for 
how some systematic uncertainties 
cancel
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Results

arXiv:1208.0322 (submitted to Phys. Rev. D)

• Consistent with no disappearance

• Best fit point: ∆m2 = 5.9 eV2,               
sin22θ = 0.086

• χ2 = 40.0 (probability 47.1%) at the best 
fit point

• χ2 = 43.5 (probability 41.2%) for the 
null hypothesis

• With ∆χ2 = 3.5, null is excluded at 
81.9% confidence level

• Probabilities are based on fake data 
studies (Feldman-Cousins statistical 
analysis)
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Improvements in Sensitivity
Relative to 2009 Analysis

• Main factors contributing to improved 
sensitivity:
‣ more MiniBooNE data (approx 3 times as much as 2009 

analysis)

‣ tighter constraints on neutrino CCQE and CC1pi events 

‣ differences in analysis methodology:

• DeltaChi^2 test statistic rather than Chi^2;  2009 
analysis was a shape-only fit;  uncertainties for RS and 
WS events are handled separately in new analysis;  the 
error matrix is updated based on Monte Carlo 
predictions as parameter space is scanned, etc.

‣ addition of SciBooNE data

37
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Minos+ Estimated Sensitivity
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Minos+ sensitivity

MiniBooNE/SciBooNE 90% CL limit
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• Dramatic improvement in sensitivity to muon antineutrino 
disappearance by bootstrapping off of internal, neutrino 
mode measurements, and including data from SciBooNE

• Results are consistent with no     disappearance; and with 
previous MiniBooNE/SciBooNE     disappearance analysis

• Leaves some room for sterile neutrino models that attempt 
to account for LSND and MiniBooNE appearance data, but 
closing in on the 3+1 model’s phase space; (3+2 and 3+3 
models will have different limits)

• Modest gain in sensitivity may be possible by combining 
neutrino and antineutrino-mode data; however this will 
require resolution of multinucleon knockout problem

• Data Release:                                                               
http://www-sciboone.fnal.gov/data_release/joint_numubar_disap/

Summary
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